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Pseudo-Harmonic Maps From Pseudo-Hermitian Manifolds to
Riemannian Manifolds
Yibin Ren∗ Guilin Yang
Abstract
In this paper, we discuss the heat flow of a pseudo-harmonic map from a closed pseudo-Hermitian
manifold to a Riemannian manifold with non-positive sectional curvature, and prove the existence of the
pseudo-harmonic map which is a generalization of Eells-Sampson’s existence theorem. We also discuss
the uniqueness of the pseudo-harmonic representative of its homotopy class which is a generalization of
Hartman theorem, provided that the target manifold has negative sectional curvature.
1 Introduction
Let (M2m+1, HM, Jb, θ) be a closed pseudo-Hermitian manifold with horizontal bundle HM , almost complex
structure Jb, pseudo-Hermitian structure θ and real dimension 2m+1. There is naturally a sub-Riemannian
structure which contains the horizontal bundle and the sub-Riemannian metric Gθ (See Section 2 for details).
Suppose (N, h) is a Riemannian manifold and f : M → N is a smooth map. The horizontal energy EH is
defined by
EH(f) =
1
2
∫
M
〈Gθ, f∗h〉θ ∧ (dθ)m = 1
2
∫
M
|df ◦ πH |2θ ∧ (dθ)m
where πH : TM → HM is the horizontal projection. A smooth map f : M → N is called pseudo-harmonic
by E. Barletta, S. Dragomir and H. Urakawa [1] if it is a critical point of EH whose local Euler-Lagrange
equation is
∆Hf
i + Γijk〈∇Hf j,∇Hfk〉 = 0,
where ∆H = div(∇H) is the sub-Laplacian and ∇Hf j = πH∇f j is the horizontal gradient of f j. Clearly, it
is also called subelliptic harmonic map in sub-Riemannian terminology (cf. [12, 23]).
Due to the variational structure of horizontal energy EH , a natural question is the existence of pseudo-
harmonic maps or subelliptic maps. Under a convexity condition of target manifold, Jost and Xu [12] obtained
the existence of the Dirichlet problem of subelliptic harmonic maps. Through the heat flow method, Zhou
[23] deduced Eells-Sampson’s existence theorem for subelliptic harmonic maps under the Γ-tensor vanishing
condition of the domain. It is notable that the Γ-tensor of a pseudo-Hermitian manifold won’t vanish
since HM satisfies the strong bracket generating hypothesis. For pseudo-harmonic case, S. C. Chang and
T. H. Chang [3] used the heat flow method again and proved Eells-Sampson’s existence theorem under the
condition [∆H , T ] = 0 on the domain where ∆H is the sub-Laplacian and T is the Reeb vector field. It is also
remarkable that Jost and Yang [13] discussed the heat flows of horizontal harmonic maps from Riemannian
manifolds to Carnot-Carathe´odory space.
In this paper, we will improve the method of S. C. Chang and T. H. Chang [3] to obtain the complete
Eells-Sampson’s existence theorem for pseudo-harmonic maps without the commutation condition. We will
also obtain the Hartman’s type theorem, that is any homotopy class from a pseudo-Hermitian manifold to
a Riemannian manifold with negative sectional curvature has a unique pseudo-harmonic map. The paper is
arranged as follows. Section 2 briefly recalls the basic notions in pseudo-Hermitian geometry and pseudo-
harmonic maps; Section 3 introduces the Lp theory of hypoelliptic operators to derive the regularity of
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pseudo-harmonic maps and heat flows; Section 4 deduces the short-time existence of a pseudo-harmonic
heat flow by the heat kernel of the subelliptic parabolic operator; In Section 5, we control the total energy
by the horizontal energy near the initial time which guarantees the long-time existence of a pseudo-harmonic
heat flow and its convergence to a pseudo-harmonic map; In Section 6, the Hartman type theorem for
pseudo-harmonic maps will be proved.
2 Pseudo-Hermitian Manifolds and Pseudo-Harmonic Maps
In this section, we present some basic notions and of pseudo-Hermitian geometry and pseudo-harmonic maps.
For details, the readers may refer to [4, 17, 22]. Recall that a smooth manifold M of real dimension (2n+1)
is said to be a CR manifold if there exists a smooth rank n complex subbundle T1,0M ⊂ TM ⊗C such that
T1,0M ∩ T0,1M = 0 (2.1)
[Γ(T1,0M),Γ(T1,0M)] ⊂ Γ(T1,0M) (2.2)
where T0,1M = T1,0M is the complex conjugate of T1,0M . Equivalently, the CR structure may also be
described by the real subbundle HM = Re{T1,0M⊕T0,1M} of TM which carries a almost complex structure
Jb : HM → HM defined by Jb(X +X) = i(X −X) for any X ∈ T1,0M . Since HM is naturally oriented by
the almost complex structure Jb, then M is orientable if and only if there exists a global nowhere vanishing
1-form θ such that HM = Ker(θ). Any such section θ is referred to as a pseudo-Hermitian structure on M .
The space of all pseudo-Hermitian structure is 1-dimensional The Levi form Lθ of a given pseudo-Hermitian
structure is defined by
Lθ(X,Y ) = dθ(X, JbY )
for any X,Y ∈ HM . An orientable CR manifold (M,HM, Jb) is called strictly pseudo-convex if Lθ is
positive definite for some θ.
When (M,HM, Jb) is strictly pseudo-convex, there exists a pseudo-Hermitian structure θ such that Lθ
is positive. The quadruple (M,HM, Jb, θ) is called a pseudo-Hermitian manifold. This paper is discussed in
the pseudo-Hermitian manifolds.
For a pseudo-Hermitian manifold (M,HM, Jb, θ), there exists a unique nowhere zero vector field T , called
the Reeb vector field, transverse to HM satisfying T y θ = 1, T y dθ = 0. There is a decomposition of the
tangent bundle TM :
TM = HM ⊕ RT (2.3)
which induces the projection πH : TM → HM . Set Gθ = π∗HLθ. Since Lθ is a metric on HM , it is natural
to define a Riemannian metric
gθ = Gθ + θ ⊗ θ (2.4)
which makes HM and RT orthogonal. Such metric gθ is called Webster metric. In this paper, we denote it
by 〈·, ·〉. In the terminology of foliation geometry, RT provides a one-dimensional Reeb foliation and HM
is its horizontal distribution. By requiring that JbT = 0, the complex structure Jb can be extended to an
endomorphism of TM . The integrable condition (2.2) guarantees that gθ is Jb-invariant. Clearly θ ∧ (dθ)n
differs a constant with the volume form of gθ. Henceforth we will regard it as the volume form and always
omit it or denote it by dV for simplicity.
On a pseudo-Hermitian manifold, there exists a canonical connection ∇M preserving the horizontal
bundle, the CR structure and the Webster metric. Moreover, its torsion satisfies
T∇M (X,Y ) = 2dθ(X,Y )T and T∇M (T, JbX) + JbT∇M (T,X) = 0.
The pseudo-Hermitian torsion, denoted by A, is a symmetric tensor defined by A = gθ(T∇M (T,X), Y )
for any X,Y ∈ TM (cf. [4]). A pseudo-Hermitian manifold is called Sasakian if A ≡ 0.
Let (M,HM, Jb, θ) be a pseudo-Hermitian manifold of dimension 2n + 1. Let {η1, . . . , ηn} be a local
orthonormal frame of T1,0M defined on an open set U ⊂ M , and {θ1, . . . θn} its dual coframe. Then the
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structure equations are given by 

dθ = 2
√−1θα ∧ θα¯,
dθα = θβ ∧ θαβ +Aα¯β¯θ ∧ θβ ,
θαβ + θ
β¯
α¯ = 0,
dθαβ = θ
γ
β ∧ θαγ +Παβ
where θαβ ’s are the Tanaka-Webster connection 1-forms with respect to {ηα}. S. M. Webster [22] showed that
Παβ = 2
√−1(θα ∧ τβ + θβ ∧ τα) +Rαβλµ¯θλ ∧ θµ¯ +Aαµ¯,βθ ∧ θµ¯ −A αµβ, θ ∧ θµ
where Rαβλµ¯ is called the Webster curvature. He also derived the first Bianchi identity, i.e. Rα¯βλµ¯ = Rα¯λβµ¯.
So the pseudo-Hermitian Ricci curvature can be defined by Rλµ¯ = Rα¯αλµ¯ and then the pseudo-Hermitian
scalar curvature is R = Rαα¯ = Rβ¯βαα¯. For more discussion of curvatures, one can refer to [4].
Assume that (N, h) is a Riemannian manifold. Let {σi} be an orthonormal frame of T ∗N and {ξi} its
dual frame of TN . Denote by ∇N the Levi-Civita connection of (N, h). Suppose that f :M → N is a smooth
map. The pullback connection ∇ on the pullback bundle f∗(TN) and the Tanaka-Webster connection induce
a connection on TM ⊗ f∗(TN), also denoted by ∇. Let f iAB be the components of ∇df under the frame
{θA} = {θ0 = θ, θα, θα¯} and {ξi}.
Definition 2.1. A smooth map f :M → N is called pseudo-harmonic if the tensor field
τ(f) = traceGθ∇df |HM×HM
vanishes.
Actually, pseudo-harmonic maps are the critical points of the horizontal energy (cf. [4])
EH(f) =
∫
M
eH(f)θ ∧ (dθ)m (2.5)
where eH(f) =
1
2 |dHf |2 is the horizontal energy density.
Suppose that N is compact. By the Nash embedding theorem, (N, h) can be isometrically embedded in
RK for some positive integer K. The embedding map is denoted by ι. The tubular neighborhood theorem
guarantees that there exists a neighborhood B(N) of ι(N) which is diffeomorphic to a neighborhood of the
zero section in the normal bundle, and a projection map P : B(N)→ ι(N) that is a submersion. Moreover,
the projection map is given by mapping any point in B(N) to its closest point in N . Clearly ι = P ◦ ι and
for any x ∈ ι(N), dPx : TxRK → TxRK annihilates all vertical vector fields. Let f : M → N be a smooth
map and u = ι ◦ f . Now we deduce the expression of τ(f) under the coordinate components of u. The
composition law (cf. Proposition 2.20 in [5]) implies that
τ(u) =dι(τ(f)) + traceGθ (∇dι)(dHf, dHf),
∇dι =dP (∇dι) +∇dP (dι, dι),
where ∇dι is the second fundamental form of N and dHf = df |HM , then ∇dι = ∇dP (dι, dι) and thus
dι(τ(f)) = τ(u) − traceGθ(∇dP )(dHu, dHu).
Let {xa} be the natural coordinates of RK and ua = xa ◦ u, P a = xa ◦ P . Then
dι(τ(f)) =
(
∆Hu
a − P abc(u)〈∇Hub,∇Huc〉
) ∂
∂xa
. (2.6)
where ∆H is the sub-Laplacian and P
a
bc =
∂2Pa
∂xb∂xc .
Lemma 2.2. Assume that f :M → N . Then f is pseudo-harmonic if and only if
∆Hu
a − P abc(u)〈∇Hub,∇Huc〉 = 0. (2.7)
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As the harmonic map, to obtain the existence of pseudo-harmonic map, one way is to solve the pseudo-
harmonic flow
∂f
∂t
= τ(f) (2.8)
where f : [0,+∞)×M → N . We define the map ρ : B(N)→ RK by
ρ(p) = p− P (p).
Clearly, ρ(p) is normal to N and ρ(p) = 0 if and only if p ∈ N . The next lemma establishes the fact that in
order to solve (2.8), it suffices to solve the system
∂ua
∂t
= ∆Hu
a − P abc(u)〈∇Hub,∇Huc〉. (2.9)
Lemma 2.3. Let
u = (u1, . . . , uK) ∈ C∞(M × (0, T0), B(N)) ∩ C0(M × [0, T0), B(N))
for some T0 ∈ (0,∞] be a solution of (2.9) with the initial condition φ = (φ1, . . . , φK) ∈ C∞(M,B(N)),
then the quantity ∫
M
|ρ(u(x, t))|2
is a nonincreasing function of t. In particular, if φ(M) ⊂ N , then f(x, t) ∈ N for all (x, t) ∈M × (0, T0).
Proof. Set P ab =
∂Pa
∂xb . Then ρ
a
b =
∂ρa
∂xb = δ
a
b − P ab . The composition law implies that
∆H(P (u))
a = P ab (u)∆Hu
b + P abc(u)〈∇Hub,∇Huc〉.
Thus we have
∆H(ρ(u))
a =△Hua −∆H(P (u))a
=ρab (u)∆Hu
b − P abc(u)〈∇Hub,∇Huc〉
=ρab (u)∂tu
b + P ab (u)(∂t −∆H)ub
where the last equality is due the equation (2.9) and ∂t =
∂
∂t . Since
(
P ab (u)(∂t −∆H)ub
) ∂
∂xa
= dP
(
(∂t −∆H)ua ∂
∂xa
)
is tangent to N and ρ(u) is normal vector field, we find∑
a
(ρ(u))a∆H(ρ(u))
a =
∑
a,b
(ρ(u))aρab (u)∂tu
b.
Hence
d
dt
∫
M
|ρ(u(x, t))|2 =2
∫
M
∑
a,b
(ρ(u))aρab (u)
∂ub
∂t
= 2
∫
M
∑
a
(ρ(u))a∆H(ρ(u))
a
=− 2
∫
M
∑
a
|∇H(ρ(u))a|2 ≤ 0
which yields that
∫
M |ρ(u(x, t))|2 is monotonic decreasing.
By using (2.6), we have the following theorem.
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Theorem 2.4. Suppose that (M,HM, Jb, θ) is a closed pseudo-Hermitian manifold and (N, h) is a compact
Riemannian manifold which is isometrically embedded by ι in (RK , gcan). Let B(N) be the tubular neighbor-
hood of ι(N) and P : B(N)→ ι(N) the closest point projection map. Let φ :M → N be a smooth map from
M into N ⊂ RK given by φ = (φ1, . . . , φK) in the coordinates {xa}. Assume that
u = (u1, . . . , uK) ∈ C∞(M × (0, T0), B(N)) ∩ C0(M × [0, T0), B(N))
for some T0 ∈ (0,∞] is the solution of the subelliptic parabolic system
∂ua
∂t
= ∆Hu
a − P abc(u)〈∇Hub,∇Huc〉 (2.10)
with the initial condition
ua(p, 0) = φa(p), for all p ∈M. (2.11)
Then Image(u) ⊂ ι(N) and
f = ι−1(u) ∈ C∞(M × (0, T0), N) ∩C0(M × [0, T0), N)
solves the pseudo-harmonic flow
∂f
∂t
= τ(f) (2.12)
with the initial condition
f(p, 0) = φ(p). (2.13)
At the end of this section, we recall the CR Bochner formulas. The reader could refer to [3, 8, 17].
Lemma 2.5 (CR Bochner Formulas, cf. [17]). For any smooth map f : M → N , we have
1
2
∆H |dHf |2 =|∇HdHf |2 + 〈∇Hτ(f), dHf〉+ 4
√−1(f iα¯f i0α − f iαf i0α¯)
+ 2RMαβ¯f
i
α¯f
i
β − 2
√−1(n− 2)(f iαf iβAα¯β¯ − f iα¯f iβ¯Aαβ)
+ 2(f iα¯f
j
βf
k
β¯f
l
αR
N
ijkl + f
i
αf
j
βf
k
β¯f
l
α¯R
N
ijkl) (2.14)
1
2
∆H |f0|2 =|∇Hf0|2 + 〈∇T τ(f), f0〉+ 2f i0f jαfkα¯f l0RNijkl
+ 2(f i0f
i
βAβ¯α¯,α + f
i
0f
i
β¯Aβα,α¯ + f
i
0f
i
β¯α¯Aβα + f
i
0f
i
βαAβ¯α¯) (2.15)
where f iAB be the components of ∇df under the orthonormal coframe {θ, θα, θα¯} of T ∗M and the orthonormal
frame {ξi} of TN .
Lemma 2.6. Assume that (N, h) has nonpositive sectional curvature. There exists a constant C1 only
depending on the bounds of the pseudo-Hermitian Ricci curvature and the pseudo-Hermitian torsion of M
such that for any f ∈ C∞(M,×(0, T0), N) with T0 ∈ (0,∞], we have
(∆H − ∂t)|df |2 ≥ −C1|df |2 + |∇HdHf |2 + |∇Hf0|2 + 〈∇(τ(f) − ∂tf), df〉. (2.16)
In particular, if f is a smooth function, then the above inequality is always true, i.e.
(∆H − ∂t)|df |2 ≥ −C1|df |2 + |∇HdHf |2 + |∇Hf0|2 + 〈d(∆Hf − ∂tf), df〉. (2.17)
Proof. It suffices to prove that
f iα¯f
j
βf
k
β¯ f
l
αR
N
ijkl + f
i
αf
j
βf
k
β¯f
l
α¯R
N
ijkl ≥ 0 (2.18)
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and
f i0f
j
αf
k
α¯f
l
0R
N
ijkl ≥ 0. (2.19)
Set eα = Re df(ηα) and e
′
α = Im df(ηα). Then
f iα¯f
j
βf
k
β¯f
l
αR
N
ijkl + f
i
αf
j
βf
k
β¯ f
l
α¯R
N
ijkl
= 〈RN (df(ηβ¯), df(ηα))df(ηβ), df(ηα¯)〉+ 〈RN (df(ηβ¯), df(ηα¯))df(ηβ), df(ηα)〉
= −2(〈RN(eα, eβ)eβ , eα〉+ 〈RN (eα, e′β)e′β, eα〉+ 〈RN (e′α, eβ)eβ, e′α〉
+ 〈RN (e′α, e′β)e′β , e′α〉)
≥ 0.
Hence we obtain (2.18). Similarly, to get (2.19), we calculate that
f i0f
j
αf
k
α¯f
l
0R
N
ijkl =〈RN (df(ηα¯), df(T ))df(ηα), df(T )〉
=− (〈RN (eα, e0)e0, eα〉+ 〈RN (e′α, e0)e0, e′α〉)
≥0.
3 Regularity
In this section, by Lp theory of hypoelliptic operators, we could lift the regularity of the solution of the
subelliptic parabolic system. The main theorem of this section is as follows.
Theorem 3.1. Suppose that (M,HM, Jb, θ) is a closed pseudo-Hermitian manifold and (N, h) is a com-
pact Riemannian manifold which is isometrically embedded by ι in (RK , gcan). Let B(N) be the tubu-
lar neighborhood of ι(N) and P : B(N) → ι(N) the closest point projection map. Assume that u ∈
C0(M × (T1, T2), B(N)) for some 0 ≤ T1 < T2 ≤ +∞ satisfies is the weak solution of
(∆H − ∂t)ua = P abc(u)〈∇Hub,∇Huc〉. (3.1)
If ∇Hua is uniformly bounded in any compact open set, then u ∈ C∞(M × (T1, T2), B(N)). Moreover, if
V ⋐ U ⋐M × (T1, T2), then for any positive integer γ
∑
a
||ua||Cγ(V ) ≤ Cγ,U,V
(∑
a
||ua||C0(U) +
∑
a
||∇Hua||C0(U)
)
. (3.2)
where Cγ,U,V depends on γ, U and V .
We firstly recall the Lp theory of hypoelliptic operators (cf. [18]). Let Ω be a smooth manifold and
Y0, Y1, . . . , Yk be real smooth vector fields on Ω. Define the operator
L =
k∑
i=1
Y 2i + Y0.
Theorem 3.2 (Theorem 1.1 in [10]). Suppose the system Y0, Y1, . . . , Yk, together with their commutators of
some finite order, span the tangent space at any point of Ω. Then L is hypoelliptic, that is if Lf = g and
g ∈ C∞(Ω), then f ∈ C∞(Ω).
Example 3.3. The sub-Laplace operator ∆H of a pseudo-Hermitian manifold M
2m+1 is hypoelliptic. Locally
one can choose a horizontal orthonormal real frame {Xα, Xm+α}mα=1 defined on a domain Ω ⊂M . Then
∆H =
m∑
α=1
X2α +
m∑
α=1
X2m+α +
m∑
α=1
(∇XαXα +∇Xm+αXm+α), (3.3)
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where ∇ is the Tanaka-Webster connection. On one hand, [HM,HM ] = TM is from the positivity of Levi
form. On the other hand, since the Webster connection preserves the horizontal bundle, the last term of
(3.3) is horizontal. Hence ∆H is hypoelliptic. Thus the compatible Sobolev space is
S
p
k(∆H ,Ω) =
{
ψ ∈ Lp(Ω)∣∣Xi1 . . . Xisψ ∈ Lp(Ω), s ≤ k and Xij ∈ {Xα, Xm+α}mα=1}
which is called Folland-Stein space (cf. [7]).
The subelliptic parabolic operator
Lt = ∆H − ∂t
is also hypoelliptic and its compatible Sobolev space is defined as follows (cf. [18]): for W ⋐ Ω× (0,+∞),
S
p
k(Lt,W ) =
{
ψ ∈ Lp(Ω)∣∣∂itXi1 . . .Xisψ ∈ Lp(W ), 2i+ s ≤ k}.
By partition of unity, we could define Spk(∆H ,M) and S
p
k(Lt,M × (T1, T2)).
Theorem 3.4 (Theorem 18 in [18]). Let Ω be a region of a pseudo-Hermitian manifold and Lt = ∆H − ∂t.
Suppose f ∈ Lp(Ω) and Ltf = g. If g ∈ Spk(Lt,Ω) for some p > 1 and positive integer k, then χf ∈
S
p
k+2(Lt,Ω) for each χ ∈ C∞0 (Ω). Moreover, there exists a constant CΩ′ independent of f and g such that
||f ||Sp
k+2
(Lt,Ω′) ≤ CΩ′(||f ||Lp(Ω) + ||g||Spk(Lt,Ω)) (3.4)
where Ω′ ⋐ {χ = 1}.
Theorem 3.5 (Theorem 19.2 in [7] and Theorem 13 in [18]). Suppose (M,HM, Jb, θ) is a closed pseudo-
Hermitian manifold. Then Spµ(∆H ,M) ⊂ Lpµ/2(M) which is the classical Sobolev space of M . Moreover, for
any k ∈ N, α ∈ (0, 1) and 1 < p <∞, there exists a sufficiently large positive integer µ such that
Spµ(Lt,M × (T1, T2)) ⊂ Lpµ/2(M × (T1, T2)) ⊂ Ck,α(M × (T1, T2))
where Lt = ∆H − ∂t and T1 < T2.
The proof of the second conclusion of Theorem 3.5 is trivial from the first one. Now we can demonstrate
Theorem 3.1.
Proof of Theorem 3.1. For any point (q1, t1) ∈M × (T1, T2), we can choose exhaustion open sets {Uj}:
M × (T1, T2) ⋑ U0 ⋑ U1 ⋑ U2 ⋑ · · · ∋ (q1, t1).
By the assumption, ∇Hub ∈ Lp(U0) for any 1 < p <∞, and thus
P abc(u)〈∇Hub,∇Huc〉 ∈ Lp1(U0).
for p1 =
p
2 . Hence by Theorem 3.4, we have
χ1u
a ∈ Sp12 (Lt, U0)⇒ ua ∈ Sp12 (Lt, U1)
for some χ1 ∈ C∞0 (M × (T1, T2)) and χ1|U1 ≡ 1. Since(
P abcu
b
αu
c
α¯
)
β
= P abcdu
d
βu
b
αu
c
α¯ + P
a
bcu
b
αβu
c
α¯ + P
a
bcu
b
αu
c
α¯β
then
P abc(u)〈∇Hub,∇Huc〉 ∈ Sp21 (Lt, U1).
for p2 =
p1
3 =
p
3! . Again by Theorem 3.4,
χ2u
a ∈ Sp23 (Lt, U1)⇒ ua ∈ Sp23 (Lt, U2)
for some χ2 ∈ C∞0 (M × (T1, T2)) and χ2|U2 ≡ 1. By induction, we have ua ∈ Spkk+1(Lt, Uk) if pk = p(k+1)! > 1.
Theorem 3.5 guarantees that for any γ ∈ N, we can choose sufficiently large p and j such that u ∈ Cγ(Uj).
Hence u is smooth near (q1, t1). The estimate (3.2) is due to (3.4).
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A similar argument show that the weak solution of the subelliptic system (2.7) is also smooth. Precisely,
Theorem 3.6. Suppose that (M,HM, Jb, θ) is a closed pseudo-Hermitian manifold and (N, h) is a compact
Riemannian manifold. Assume that f ∈ C0(M,N) is a weak pseudo-harmonic map which means u = ι ◦ f
is a weak solution of (2.7). If dHf ∈ Lp(M) for all 1 < p < +∞, then f ∈ C∞(M,N) and thus it is a
pseudo-harmonic map.
4 Short-Time Existence
In this section, we use the heat kernel of the subelliptic parabolic operator ∆H − ∂t to obtain a short-time
solution of (2.10).
Theorem 4.1. Suppose that (M,HM, Jb, θ) is a closed pseudo-Hermitian manifold and (N, h) is a compact
Riemannian manifold. For any φ ∈ C∞(M,N), there exists a maximal time δ > 0 such that the pseudo-
harmonic flow
∂f
∂t
= τ(f) (4.1)
with the initial condition
f(p, 0) = φ(p) (4.2)
has a unique solution f ∈ C∞(M × (0, δ), N) ∩ C0(M × [0, δ), N). Moreover, if δ < +∞, then
lim inf
t→δ
||df(·, t)||C0(M) = +∞
Before proving it, we recall some properties of Carnot-Carathe´odory(CC) distance and heat kernel. Let
(M,HM, Jb, θ) be a closed pseudo-Hermitian manifold with real dimension 2m+ 1.
Definition 4.2. A piecewise C1-curve γ : [0, 1]→M is said to be horizontal if γ′(t) ∈ HM whenever γ′(t)
exists. The length of γ is given by
l(γ) =
∫ 1
0
|γ′|Gθdt.
The Carnot-Carathe´odory(CC) distance between two points p, q ∈M is
d(p, q) = inf{l(γ)| γ ∈ Cp,q}
where Cp,q is the set of all horizontal curves joining p and q.
By Chow’s Theorem (cf. [21]), there exists at least one horizontal curve arriving the CC distance.
So it is finite. There are also other quasi-distances which hold weaker triangle inequality (cf. [7, 16]).
But they are all local equivalent with CC distance. The authors in [16] estimated the volume of the ball
B(p, δ) = {q ∈M |d(p, q) < δ}.
Lemma 4.3 (cf. Theorem 1 in [16]). There exist constants C2 and δ0 such that for any p ∈M and δ ≤ δ0,
we have
C−12 δ
2m+2 ≤
∫
B(p,δ)
dV ≤ C2δ2m+2.
Let H(p, q, t) be the fundamental solution of the subelliptic parabolic equation, i.e.
(∂t −∆H)H(p, q, t) = 0,
lim
t→0
H(p, q, t) = δq(p)
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Hence by Duhamel’s principle, the solution of
(∂t −∆H)u(p, t) = F (p, t), u(p, 0) = φ(p) (4.3)
is
u(p, t) =
∫
M
H(p, q, t)φ(q)dVq +
∫ t
0
∫
M
H(p, q, t− s)F (q, s)dVqds (4.4)
It is easy to check that u ≡ 1 is a solution of (4.3) with F = 0 and φ = 1. Hence by (4.4), we have∫
M
H(p, q, t)dVq = 1. (4.5)
Lemma 4.4 ([11, 19]). H(p, q, t) is positive for all p, q ∈M and t > 0. For sufficiently large N , there exists
constant CN such that
|∇HH(p, q, t)| ≤ CN t−m− 32
(
1 +
d(p, q)2
t
)−N
(4.6)
H(p, q, t) ≤ CN t−m−1
(
1 +
d(p, q)2
t
)−N
(4.7)
for t ∈ (0, 1].
Lemma 4.5. For any β ∈ (0, 12 ), there exists a constant Cβ such that∫ t
0
∫
M
|∇H,pH(p, q, s)|dVqds ≤ Cβtβ (4.8)
for any p ∈M and t ∈ (0, 1]. Here ∇H,pH(p, q, s) means the derivative of H(p, q, s) with respect to p.
Proof. We choose
γ =
β +m+ 12
2m+ 2
such that
−1 < γ(2m+ 2)− (m+ 3
2
) < −1
2
.
If q ∈ B(p, sγ), then 1 + d(p,q)2s ≥ 1. If q ∈ M \ B(p, sγ), then 1 + d(p,q)
2
s ≥ s2γ−1. Hence by Theorem 4.3
and (4.6), we obtain ∫ t
0
∫
M
|∇H,pH(p, q, s)|dVqds
≤ CN
∫ t
0
(∫
B(p,sγ)
+
∫
M\B(p,sγ)
)
s−m−
3
2
(
1 +
d(x, y)2
s
)−N
dVxds
≤ CNC2
∫ t
0
(
sγ(2m+2)−m−
3
2 + sN(1−2γ)−m−
3
2
)
ds
≤ Cβtβ
where β = γ(2m+ 2)−m− 12 and N is sufficiently large.
A similar argument with (4.7) leads to the following estimate.
Lemma 4.6. For any α ∈ (0, 12 ), there exists a constant C˜α such that if φ ∈ C1(M), then∫
M
H(p, q, t)
∣∣φ(q)− φ(p)∣∣dVq ≤ C˜αtα(||φ||C0 + ||∇Hφ||C0) (4.9)
for any p ∈M and t ∈ (0, 1].
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Analogous to the elliptic parabolic equation, the subelliptic parabolic equation has the maximum prin-
ciple. There are many versions and different proofs. For convenience, we give a simple one and deduce
it.
Lemma 4.7. Let u ∈ C2(M × (0, T0)) ∩ C0(M × [0, T0)) is a solution of the subelliptic parabolic equation
(∆H − ∂t)u ≥ 0, u(p, t) = φ(p). (4.10)
If φ ≤ c for some c ∈ R, then u(p, t) ≤ c for all t ∈ [0, T0) and p ∈M .
Proof. Fix σ > 0 and set uσ(p, t) = u(p, t)−σ(1+ t). By the assumption, uσ(p, 0) < c. We claim that uσ < c
for all t ∈ [0, T0) and p ∈M . Otherwise, there exists σ > 0 and (p1, t1) ∈M × (0, T0) such that
uσ
∣∣
M×[0,t1)
< c, uσ(p1, t1) = max
M
uσ(p, t1) = c
which yields that
∂tuσ(p1, t1) ≥ 0, and ∆Huσ(p1, t1) ≤ 0.
But this leads a contradiction with
(∆H − ∂t)uσ(p1, t1) = σ > 0.
Hence uσ ≤ c on M × [0, T0). We can complete the proof by taking σ → 0.
Now we can announce the short-time existence of the subelliptic parabolic system.
Theorem 4.8. Suppose that (M,HM, Jb, θ) is a closed pseudo-Hermitian manifold and (N, h) is a compact
Riemannian manifold which is isometrically embedded by ι in (RK , gcan). For any φ ∈ C∞(M,N), there
exists T0 > 0 such that the subelliptic parabolic system
(∆H − ∂t)ua = P abc(u)〈∇Hub,∇Huc〉 (4.11)
with the initial condition
ua(p, 0) = φa(p) (4.12)
has a solution u ∈ C∞(M × (0, T0), B(N))∩C0(M × [0, T0], B(N)) where B(N) is the tubular neighbourhood
of ι(N). Moreover, ∑
a
||∇Hua||C0(M×[0,T0]) ≤ 2KeC1||dφ||C0(M), (4.13)
The value of T0 only depends on the upper bound of ||dφ||C0(M) and C1 which is given in Lemma 2.6.
Proof. The solution of the subelliptic parabolic equation
(∆H − ∂t)ua0 = 0, and ua0(p, 0) = φa(p) (4.14)
is given by
ua0(p, t) =
∫
M
H(p, q, t)φa(q)dVq .
We define uak inductively for all k = 1, 2, . . . by
uak(p, t) = −
∫ t
0
∫
M
H(p, q, t− s)F ak−1(q, s)dVqds+ ua0(p, t),
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with
F ak−1(q, s) = P
a
bc(uk−1)〈∇Hubk−1,∇Huck−1〉(q, s). (4.15)
One can easily check that
(∆H − ∂t)uak = F ak−1 and uak(p, 0) = φa(p). (4.16)
Let us consider
zk(t) = sup
M×[0,t]
∑
a
|∇Hua|
which is a increasing function of t. Set
C3 = sup
B(N),a,b,c,d
(|P abc|+ |P abcd|).
By the definition (4.15) of Fk, we have
sup
M×[0,t]
|F ak | ≤ C3z2k(t)
which yields that
|uak(p, t)− ua0(p, t)| ≤ C3tz2k−1(t) (4.17)
and
|uak(p, t)| ≤ C3tz2k−1(t) + |ua0(p, t)| ≤ C3tz2k−1(t) + ||φa||C0(M) (4.18)
due to the fact that
∫
M
H(p, q, t) = 1. Moreover, Lemma 4.6 shows that
|ua0(p, t)− φa(p)| =
∣∣∣∣
∫
M
H(p, q, t)
(
φa(q)− φa(p))dVq
∣∣∣∣
≤C˜βtβ(||∇Hφa||C0 + ||φa||C0) (4.19)
for some β ∈ (0, 12 ) and C˜β . By (4.14) and Lemma 2.6, we conclude that
(∆H − ∂t)|dua0 |2 ≥ −C1|dua0 |2,
which is equivalent to
(∆H − ∂t)(e−C1t|dua0 |2) ≥ 0.
The maximum principle (Lemma 4.7) shows that
sup
M×[0,t]
|dua0 | ≤ eC1t||dφa||C0 ⇒ z0(t) ≤ KeC1t||dφ||C0 . (4.20)
On the other hand, by the estimate (4.8), we find
|∇Huak −∇Hua0 |(p, t) ≤ C3Cβtβz2k−1(t)
where Cβ is given in Lemma 4.5. Hence
zk(t) ≤ KC3Cβtβz2k−1(t) + z0(t). (4.21)
We choose that
T1 = min
{(1
8
K−2e−C1C−13 C
−1
β ||dφ||−1C0
) 1
β , 1
}
≤ 1,
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which yields that
KC3CβT
β
1 z0(T1) ≤ K2C3CβeC1||dφ||C0T β1 ,
ǫ
4
,
where 0 ≤ ǫ ≤ 12 . An inductive argument implies that
KC3CβT
β
1 zk(T1) ≤
ǫ
2
,
since (4.21) guarantees that
KC3CβT
β
1 zk(T1) ≤ (KC3CβT β1 zk−1(T1))2 +KC3CβT β1 z0(T1) ≤
( ǫ
2
)2
+
ǫ
4
≤ ǫ
2
.
Thus we obtain (4.13) because
sup
M×[0,T1]
∑
a
|∇Huak| = zk(T1) ≤ 2KeC1||dφ||C0 . (4.22)
Due to (4.17) and (4.19), the image of uk on M × [0, T2] will lie in B(N) by shrinking T1 to T2 which only
depends on the upper bound of ||dφ||C0 .
Now we show that {uk} and {∇Huk} are two Cauchy sequences in C0(M × [0, T2], B(N)). To see this,
we define a non-decreasing function
Xk(t) = sup
M×[0,t]
∑
a
|uak − uak−1|+ sup
M×[0,t]
∑
a
|∇Huak −∇Huak−1|.
Note that
F ak − F ak−1 = P abc(uk)〈∇Hubk,∇Huck〉 − P abc(uk−1)〈∇Hubk−1,∇Huck−1〉
= (P abc(uk)− P abc(uk−1))〈∇Hubk,∇Huck〉+ P abc(uk−1)〈∇Hubk −∇Hubk−1,∇Huck〉
+ P abc(uk−1)〈∇Hubk−1,∇Huck −∇Huck−1〉
Hence by (4.22) and the mean value theorem, we have
sup
M×[0,t]
|F ak − F ak−1| ≤C3Xk(t)
(
z2k(t) + zk(t) + zk−1(t)
) ≤ C4Xk(t),
where C4 = 4C3e
2C1K2
(||dφ||2C0 + ||dφ||C0). The fact that ∫M H(p, q, t) = 1 and Lemma 4.5 lead that
|uak − uak−1| ≤
∫ t
0
∫
M
H(p, q, t− s)|F ak − F ak−1|(q, s)dVqds ≤ C4tXk−1(t)
and
|∇Huak −∇Huak−1| ≤
∫ t
0
∫
M
|∇H,pH(p, q, t− s)| |F ak − F ak−1|(q, s)dVqds
≤C4CβtβXk−1(t).
For simplicity, we assume Cβ ≥ 1. Otherwise we set Cβ = 1. Thus
Xk(t) ≤ 2KC4CβtβXk−1(t). (4.23)
for all k ≥ 2. For k = 1, by (4.20), we have
|ua1 − ua0 | ≤
∫ t
0
∫
M
H(p, q, t− s)|F a0 (q, s)|dVqds ≤ C3tz20(t) ≤ K2C3te2C1 ||dφ||2C0 ,
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and
|∇Hua1 −∇Hua0| ≤
∫ t
0
∫
M
|∇H,pH(p, q, t− s)| |F a0 (q, s)|dVqds
≤C3Cβtβz20(t) ≤ K2C3Cβtβe2C1 ||dφ||2C0 .
Hence we obtain the estimate
X1(t) ≤ 2K2C3Cβtβe2C1 ||dφ||2C0 .
By (4.23) and shrinking T2 to T0 = min{T2, (14KC4Cβ)
1
β }, we can conclude that
Xk(T0) ≤
(
1
2
)k−1
X1(T0) ≤
(
1
2
)k−2
K2C3Cβe
2C1 ||dφ||2C0 .
which yields that
sup
M×[0,T0]
∑
a
(|uak − ual |+ |∇Huak −∇Hual |) ≤ K2C3Cβe2C1 ||dφ||2C0
l∑
i=k+1
(
1
2
)i−2
.
Hence there exists the convergence u ∈ C0(M × [0, T0], B(N)) of {uk} such that ∇Huk uniformly converges
to ∇Hu on M × [0, T0]. Thus the conclusion (4.13) follows from (4.22). Moreover,
F ak → F a = P abc(u)〈∇Hub,∇Huc〉.
Taking k → +∞ on (4.16), u is a weak solution of the subelliptic parabolic system (4.11) and (4.12).
According to the regularity theorem 3.1 and the estimate (4.13), u ∈ C∞(M×(0, T0), B(N)). This completes
the proof.
To prove Theorem 4.1, we also need the uniqueness theorem.
Theorem 4.9 (Uniqueness). Assume that u, v ∈ C∞(M × (0, T0), B(N)) ∩ C0(M × [0, T0], B(N)) are two
solutions of the subelliptic parabolic system (4.11) with the same initial condition. If ∇Hv and ∇Hu are
uniformly bounded on M × (0, T0), then u ≡ v.
Proof. It suffices to prove the function w =
∑
a(u
a − va)2 vanishes. Note that∣∣(∆H − ∂t)(ua − va)∣∣ = |F a(u)− F a(v)| = |P abc(u)〈∇Hub,∇Huc〉 − P abc(v)〈∇Hvb,∇Hvc|〉
≤ |(P abc(u)− P abc(v))〈∇Hub,∇Huc〉|+ |P abc(v)〈∇Hub −∇Hvb,∇Hvc〉|+ |P abc(v)〈∇Hub,∇Huc −∇Hvc〉|
≤ C5w 12 + C′5
∑
b
|∇Hub −∇Hvb|
where C5 and C
′
5 depends on the bounds of ∇Hua, ∇Hva, P abc and P abcd. Hence by Cauchy inequality, we
have
(∆H − ∂t)w =2
∑
a
(ua − va)(∆H − ∂t)(ua − va) + 2
∑
a
|∇Hua −∇Hva|2
≥− C′′5w
The maximum principle (Lemma 4.7) shows that
0 ≤ w(p, t) ≤ eC′′5 t sup
M
|w(·, 0)| = 0
which yields u ≡ v.
Now we deduce Theorem 4.1.
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Proof of Theorem 4.1. Theorem 2.4 and Theorem 4.8 guarantee the existence of the pseudo-harmonic flow
(4.1) with the initial condition (4.2) near t = 0. Now we prove that if δ < +∞ is the maximal time, then
lim inf
t→δ
||du(t, ·)||C0(M) =∞.
Otherwise, there exists a sequence tn and a positive number B such that tn → δ and
||du(·, tn)||C0(M) ≤ B, for each n.
We choose T0 as in Theorem 4.8 which makes the solution extend to [tn, tn + T0]. Theorem 4.9 ensures
that the extended solution coincides with the original one u on [tn, δ). This leads a contradiction with the
definition of δ.
5 Long-Time Existence
For the long-time existence, it suffices to prove the total energy density is uniformly bounded. In the harmonic
case, the energy is nonincreasing (cf. [6]) and thus is uniformly bounded; so is the energy density by the
Morse iteration. This process has be generalized to pseudo-harmonic maps under the analytic assumption
[∆H , T ] = 0 (cf. [3]) where T is the Reeb vector field. Note that Sasakian manifolds hold the assumption.
But in general, this may be not true. However, some special tricks come into play and make the total energy
also bounded.
Suppose that (M,HM, Jb, θ) is a closed pseudo-Hermitian manifold and (N, h) is a compact Riemannian
manifold with nonpositive sectional curvature. Let ψ : M → N be a smooth map. Define the Reeb energy
of ψ by
ER(ψ) =
∫
M
eR(ψ)θ ∧ (dθ)m
where eR(ψ) =
1
2 |dψ(T )|2 = 12 |ψ0|2 is called the Reeb energy density. The total energy and the total energy
density are respectively given by
E(ψ) =
∫
M
e(ψ) = EH(ψ) + ER(ψ),
and
e(ψ) = eH(ψ) + eR(ψ).
Assume that f :M × (0, δ)→ N is a smooth map and satisfies the pseudo-harmonic flow
∂f
∂t
= τ(f).
Set ft = f(·, t). To deal with the total energy E(ft), we consider the horizontal part EH(ft) and the Reeb
part ER(ft) respectively.
Lemma 5.1. EH(ft) is a convex decreasing smooth function. Precisely
d
dt
EH(ft) =−
∫
M
|∂tf |2 = −
∫
M
|τ(ft)|2 ≤ 0 (5.1)
d2
dt2
EH(ft) =2
∫
M
|∇H∂tf |2 − 2
∫
M
traceGθ 〈RN (∂tf, dHf)dHf, ∂tf〉 ≥ 0 (5.2)
Hence EH(ft) ≤ EH(f0). Moreover if the maximal time δ = +∞ , then ||τ(ft)||L2(M) → 0 as t→∞.
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Proof. Since ∇df(∂t, X) = ∇df(X, ∂t) for any spatial vector field X , (5.1) follows from
d
dt
EH(ft) =
∫
M
〈∇∂tdHf, dHf〉 =
∫
M
〈∇H∂tf, dHf〉 = −
∫
M
|∂tf |2.
Hence
d2
dt2
EH(ft) =
∫
M
∂t〈∇H∂tf, dHf〉 =
∫
M
∂t〈∇H∂tf, dHf〉
=
∫
M
|∇H∂tf |2 +
∫
M
〈∇∂t∇H∂tf, dHf〉
=
∫
M
|∇H∂tf |2 +
∫
M
traceGθ 〈RN (∂tf, dHf)∂tf, dHf〉
+
∫
M
〈∇H∇∂t∂tf,∇Hf〉 (5.3)
Note that
the last term of (5.3) =−
∫
M
〈∇∂t∂tf, τ(f)〉
=− 1
2
d
dt
∫
M
|∂tf |2 = 1
2
d2
dt2
EH(ft)
which yields (5.2).
Lemma 5.2. Given t0 ∈ (0, δ). Then for any t ∈ (t0, δ), we have
ER(ft) ≤ 1
2m
(
||τ(ft0)||2L2 + C6EH(ft0)
)
+ ER(ft0) e
2m(t0−t) (5.4)
where C6 only depends on the bounds of the pseudo-Hermitian Ricci curvature and the pseudo-Hermitian
torsion.
Proof. Lemma 2.5 implies that
(∂t −∆H)e(ft) ≤− |∇HdHf |2 − |∇Hf0|2 − 4
√−1(f iα¯f i0α − f iαf i0α¯)
+ 2RMαβ¯f
i
α¯f
i
β − 2
√−1(n− 2)(f iαf iβAα¯β¯ − f iα¯f iβ¯Aαβ)
− 2(f i0f iβAβ¯α¯,α + f i0f iβ¯Aβα,α¯ + f i0f iβ¯α¯Aβα + f i0f iβαAβ¯α¯).
Integrating on M and using the divergence theorem, the result is
d
dt
E(ft) ≤−
∫
M
|∇HdHf |2 −
∫
M
|∇Hf0|2 − 4
√−1
∫
M
(f iα¯f
i
0α − f iαf i0α¯)
+ 2
∫
M
RMαβ¯f
i
α¯f
i
β − 2
√−1(n− 2)
∫
M
(f iαf
i
βAα¯β¯ − f iα¯f iβ¯Aαβ)
+ 2
∫
M
(f i0αf
i
βAβ¯α¯ + f
i
0α¯f
i
β¯Aβα). (5.5)
By Cauchy inequality, (5.5) becomes
d
dt
E(ft) ≤ −
∫
M
|∇HdHf |2 + C6EH(ft). (5.6)
On the other hand, the commutate relation (cf. [8, 14, 17])
f iαβ¯ − f iβ¯α =2
√−1f i0δαβ¯ (5.7)
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implies that
|∇HdHf |2 =2
m∑
α,β=1
(f iα¯βf
i
αβ¯ + f
i
αβf
i
α¯β¯) ≥ 2
m∑
α=1
f iαα¯f
i
α¯α
=
1
2
m∑
α=1
[|f iαα¯ + f iα¯α|2 + |f iαα¯ − f iα¯α|2] ≥ 12
m∑
α=1
|f iαα¯ − f iα¯α|2
=2m|f0|2. (5.8)
Hence
d
dt
E(ft) ≤ −2mER(ft) + C6EH(ft). (5.9)
Lemma 5.1 guarantees that ddtEH(ft) is increasing and nonpositive. Hence
0 ≥ d
dt
EH(ft) ≥ d
dt
EH(ft0) = −||τ(ft0)||2L2 .
By using Lemma 5.1 again, (5.9) becomes
d
dt
ER(ft) + 2mER(ft) ≤ ||τ(ft0)||2L2 + C6EH(f0). (5.10)
which implies (5.4).
Take t0 =
T0
2 where T0 is given by Theorem 4.8. The estimates (3.2) and (4.13) implies the C
2-norm of
the solution given by Theorem 4.1. Then we have the uniform estimate of the total energy E(ft).
Lemma 5.3. Let f : M × (0, δ) → N be the solution of the pseudo-harmonic heat flow with the initial
condition φ = (φ1, . . . , φK). Then for any t ∈ (T02 , δ),
E(ft) ≤ C7
(
||dφ||2C0 +
∑
a
||φa||2C0
)
(5.11)
where δ is the maximal time and C7 only depends on the upper bound of ||dφ||C0 .
Lemma 2.6 shows that the total energy density e(ft) satisfies the subelliptic parabolic inequality
(∆H − ∂t)e(ft) ≥ −C1e(ft). (5.12)
In [15], Moser gave his famous method, called Moser Iteration, to estimate the L∞-norm by the L2-norm for
the positive subsolution of the elliptic parabolic version of (5.12). The only ingredient of Moser Iteration is
Sobolev inequality. The CR version of Sobolev inequality is also valid.
Theorem 5.4 (Theorem 3.13 in [4] and [7]). S21(∆H ,M) ⊂ L
2m+2
m (M).
Hence we can repeat Moser Iteration and obtain the next lemma.
Lemma 5.5. Assume that ψ ∈ C∞(M × (0, δ)) is nonnegative and satisfies
(∆H − ∂t)ψ ≥ 0. (5.13)
Then for any ǫ ∈ (0, δ) and t ∈ [ǫ, δ), we have
ψ(p, t) ≤ Cǫ
∫ t
t−ǫ
∫
M
ψ(q, s)dVqds, (5.14)
where Cǫ only depends on ǫ.
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Now we come back to (5.12). It can be rewritten as
(∆H − ∂t)(e−C1te(ft)) ≥ 0,
which, by Lemma 5.5 and choosing ǫ = T02 , implies that for any t ∈ [T02 , δ),
e(ft)(p, t) ≤ CǫC−11 e
1
2
C1T0 sup
s∈[t−
T0
2
,t]
E(fs).
By (5.11), we conclude that for any t ∈ (T02 , δ),
||dft||C0 ≤ C˜8
(
||dφ||C0 +
∑
a
||φa||C0
)
(5.15)
where C8 only depends on the upper bound of ||dφ||C0 .
Theorem 5.6. Suppose that (M,HM, Jb, θ) is a closed pseudo-Hermitian manifold and (N, h) is a compact
Riemannian manifold. For any φ ∈ C∞(M,N), the pseudo-harmonic heat flow
∂f
∂t
= τ(f) (5.16)
with the initial condition
f(p, 0) = φ(p) (5.17)
has a unique solution f ∈ C∞(M × (0,+∞), N) ∩ C0(M × [0,+∞), N). Moreover, we have the estimates
sup
(0,+∞)
||dHft||C0 ≤ C8
(
||dφ||C0 +
∑
a
||φa||C0
)
, (5.18)
and
sup
[
T0
2
,+∞)
||ft||Cγ ≤ Cγ
(
||dφ||C0 +
∑
a
||φa||C0
)
, (5.19)
where C8 only depends on the upper bound of ||dφ||C0 , Cγ depends on γ and t0. Thus there exists a sequence
tn and a pseudo-harmonic map f∞ :M → N such that ftn → f∞ in C∞(M,N) as tn → +∞.
Proof. Since δ is the maximal time, it must be +∞ by Theorem 4.1. Due to (3.2) and (5.15), the derivatives
of order ≤ k of the solution f are uniformly bounded. The estimate (5.19) follows from (3.2). Then we
complete the proof by the Arzela`-Ascoli theorem.
6 Homotopy Class of Pseudo-Harmonic Maps
In this section, we firstly deduce that the solution of the pseudo-harmonic heat flow is smoothly dependent of
the initial data. As a consequence, the solution ft in Theorem 5.6 is uniformly convergent to f∞. Secondly,
we consider that the target manifold (N, h) has negative sectional curvature. In this case, if the image of
the pseudo-harmonic map f∞ is neither a point nor a closed geodesic, then it is the unique pseudo-harmonic
map in the homotopic class of f∞.
Suppose that (M,HM, Jb, θ) is a closed pseudo-Hermitian manifold and (N, h) is a compact Riemannian
manifold. Let φ ∈ C∞(M × I,N) where I is an open domain in R. By Theorem 5.6, for any fixed s ∈ I, the
pseudo-harmonic flow
∂K
∂t
= τ(K) (6.1)
with the initial condition
K(p, 0; s) = φ(p; s) (6.2)
has a unique solution K(p, t; s) ∈ C∞(M × (0,+∞), N) ∩ C0(M × [0,+∞), N).
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Lemma 6.1. K ∈ C∞(M × (0,+∞)× I,N).
According to Theorem 5.6, all derivative of K along the spatial vector fields are inner-closed uniformly
bounded; so are the derivative of the time variable. Hence, by the next lemma, it suffices to prove ∂ksK are
inner-closed uniformly bounded.
Lemma 6.2 (Lemma 6.2 in [18]). Suppose that a complex valued function (γ, x)→ F (γ, x) is defined on an
open subset U ⊂ Rn1 × Rn2 and satisfies the following properties:
(i) F is C∞ in both variables γ and x, separately,
(ii) all partial derivatives of F with respect to either x or γ are bounded on compact subset of U .
Then F is jointly C∞ on U .
Proof of Lemma 6.1. We only prove that ∂sK is inner-closed uniformly bounded. The same method could
deduce the higher derivatives by inductive. Denote Ks(p, t) = K(p, t; s). The target manifold (N, h) can be
isometrically embedded by ι in (RK , gcan). Let B(N) be the tubular neighborhood of ι(N) and P : B(N)→
ι(N) the closest point projection map. Let u = ι ◦K satisfying
(∆H − ∂t)ua = P abc(u)〈∇Hub,∇Huc〉 (6.3)
with the initial condition
ua(p, 0; s) = φa(p; s). (6.4)
Moreover, we have the estimates
sup
(t,s)∈(0,+∞)×I
||dHus(·, t)||C0 ≤ C8
(
||dφ||C0 +
∑
a
||φa||C0
)
, (6.5)
and
sup
(t,s)∈[
T0
2
,+∞)×I
||uas(·, t)||Cγ ≤ Cγ
(
||dφ||C0 +
∑
a
||φa||C0
)
. (6.6)
Firstly, we examine that u(p, t; s) is Lipschitz in s. Fixed s0 ∈ I. Let v(p, t; s) = u(p, t; s+s0)−u(p, t; s0)
which satisfies
vas (p, t) = −
∫ t
0
∫
M
H(p, q, t− λ)Gas (q, λ)dVqdλ+Φas(p, t), (6.7)
where
Φas(p, t) =
∫
M
H(p, q, t)
(
φas+s0 (q)− φas0(q)
)
dVq,
and
Gas =(P
a
bc(us+s0)− P abc(us0))〈∇Hubs+s0 ,∇Hucs+s0〉
+ P abc(us0)〈∇Hubs+s0 −∇Hubs0 ,∇Hucs+s0〉
+ P abc(us0)〈∇Hubs0 ,∇Hucs+s0 −∇Hucs0〉.
Denote
Vs(t) = sup
M×[0,t]
∑
a
(|vas |+ |∇Hvas |).
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By (6.5) and the mean value theorem, we have |Gas(p, t)| ≤ C9Vs(t). Moreover, a similar argument as (4.20)
shows that ||∇Φas (·, t)||C0 ≤ eC1t||∇φas+s0 −∇φas0 ||C0 = O(s). Hence combining with Lemma 4.5, we find
Vs(t) ≤ C′βtβVs(t) + eC1t||φs+s0 − φs||C1 .
Choosing T3 ≤ 1 such that C′βT β3 ≤ 12 , we obtain that
sup
M×[0,T3]
∑
a
(|vas |+ |∇Hvas |) = Vs(T3) ≤ 2eC1||φs+s0 − φs0 ||C1 = O(s), (6.8)
which, by Theorem 3.4 and Theorem 3.5, yields that∑
a
(||vas ||C0 + ||∇vas ||C0)∣∣t=T3
2
≤ C′9||φs+s0 − φs0 ||C1 = O(s). (6.9)
On the other hand, since (∆H − ∂t)vas = Gas , by (2.17), Cauchy inequality and the commutation relation
(vas )0α − (vas )α0 = (vas )β¯Aβα (cf. [8, 14, 17]), we know that
(∆H − ∂t)
∑
a
(|vas |2 + |∇vas |2) ≥ −C′′9 ∑
a
(|vas |2 + |∇vas |2).
The maximum principle (Lemma 4.7) shows that for t ≥ T32 ,
∑
a
(|vas |2 + |∇vas |2)(p, t) ≤eC′′9 (t−T32 ) sup
q∈M
∑
a
(
|vas (q,
T3
2
)|2 + |∇vas (q,
T3
2
)|2
)
=O(s), (6.10)
due to (6.9). Hence vs = O(s), i.e. u(p, t; s) is Lipschitz in s.
Secondly, we consider the system
(∆H − ∂t)was = Qas , with was (p, 0) = ∂sφas(p), (6.11)
where
Qas =P
a
bcd(us)〈∇Hubs,∇Hucs〉wds + P abc(us)〈∇Hwbs,∇Hucs〉
+ P abc(us)〈∇Hubs,∇Hwcs〉.
The short-time existence is similar to Theorem 4.8, and by the maximum principle, the long-time existence
follows from the estimate that for t ≥ T32
(∆H − ∂t)
∑
a
(|was |2 + |∇was |2) ≥ −C10∑
a
(|was |2 + |∇was |2)
due to (2.17). Moreover, the two process show that
sup
(t,s)∈(0,+∞)×I
∑
a
(||was ||C0 + ||dHwas ||C0) ≤ C′10∑
a
(
||∂sφas ||C0 + ||d∂sφas ||C0
)
, (6.12)
and
sup
(t,s)∈[
T0
2
,+∞)×I
∑
a
||was (·, t)||Cγ ≤ C′γ
∑
a
(
||∂sφas ||C0 + ||d∂sφas ||C0
)
. (6.13)
Thirdly, to prove that ∂sus exists, it suffices to demonstrate that
ys = (us+s0 − us0)− ws0s = vs − ws0s = o(s),
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which implies that ∂sus = ws is inner-closed uniformly bounded by (6.13). After a tedious calculation and
using the estimates (6.8), (6.10), we conclude that
(∆H − ∂t)yas =Gas −Qas0s
=P abcd(us0)〈∇Hubs0 ,∇Hucs0〉yds + P abc(us0)〈∇Hybs,∇Hucs0〉
+ P abc(us0)〈∇Hubs0 ,∇Hycs〉+ O(s2)
with the initial condition ys(p, 0) = o(s). As the argument for vs, we can estimate ys = o(s) on t ≤ T3 by the
expression analogous to (6.7) and on t ≥ T32 by the CR Bochner formula (2.17) and the maximum principle.
Since the details are the repetition of the above process, we omit them.
Now we choose a local unitary frame {ηα} of T1,0M with ∇Mηα = 0 at a given point p ∈M and do the
calculation at p,
1
2
∆H |∂sK|2 =|∇H∂sK|2 + 〈∇ηα¯∇ηα∂sK, ∂sK〉+ 〈∇ηα∇ηα¯∂sK, ∂sK〉
=|∇H∂sK|2 + 〈∇ηα¯∇∂sdK(ηα), ∂sK〉+ 〈∇ηα∇∂sdK(ηα¯), ∂sK〉
=|∇H∂sK|2 + 〈∇∂sτ(K), ∂sK〉+ traceGθ 〈RN (dHK, ∂sK)dHK, ∂sK〉
Hence we have
1
2
(∆H − ∂t)|∂sK|2 = |∇H∂sK|2 + traceGθ 〈RN(dHK, ∂sK)dHK, ∂sK〉. (6.14)
By the maximum principle, we obtain the following lemma.
Lemma 6.3. Assume that (N, h) has nonpositive sectional curvature. Suppose that φ(p; s) ∈ C∞(M × I,N)
and K(p, t; s) is the solution of the pseudo-harmonic flow with initial data φ(p; s) for fixed s. Then for any
s ∈ I, ||∂sK(·, t; s)||C0(M) is non-increasing in t.
As a consequence of Lemma 6.3, the distance between homotopic solutions of the pseudo-harmonic flow
must be nonincreasing. The distance d(f0, f1) of two homotopic maps f0 and f1 is defined as follows. If
F :M × [0, 1]→ N is a smooth homotopy from f0 and f1, then the length of F is given by
L(F ) = sup
p∈M
∫ 1
0
|∂sF (p, s)|ds.
Then the distance d(f0, f1) is the infimum of the lengths over all smooth homotopies from f0 and f1. The
authors in [20] deduced that the distance can be uniquely attained by a smooth homotopy F , called the
geodesic homotopy, in which s 7→ F (p; s) is a geodesic for all p ∈ M , when (N, h) has nonpositive sectional
curvature.
Theorem 6.4. Assume that (M,HM, Jb, θ) is a closed pseudo-Hermitian manifold and (N, h) is a compact
Riemannian manifold with nonpositive sectional curvature. If f0(p, t) and f1(p, t) are two solutions of the
pseudo-harmonic flow with the homotopic initial data, then t 7→ d(f0(·, t), f1(·, t)) is nonincreasing.
Proof. Fixed t0 ≥ 0 and let φ(p; s) be the geodesic homotopy from f0(p, t0) to f1(p, t0). Then we can obtain
the solution K of the pseudo-harmonic flow with the initial data φ(p; s) for any s. Thus K(p, t − t0; 0) =
f0(p, t) and K(p, t − t0; 1) = f1(p, t) for t ≥ t0. By Lemma 6.3, ||∂sK(·, t; s)||C0(M) is nonincreasing with
respect to t which yields that
d(f0(·, t), f1(·, t)) ≤L
(
K(·, t− t0; ·)
)
= sup
p∈M
∫ 1
0
∣∣∣∣∂K∂s (p, t− t0; s)
∣∣∣∣ds
≤
∫ 1
0
sup
x∈M
∣∣∣∣∂K∂s (p, t− t0; s)
∣∣∣∣dτ ≤
∫ 1
0
sup
x∈M
∣∣∣∣∂K∂s (p, 0; s)
∣∣∣∣dτ
=d
(
f0(·, t0), f1(·, t0)
)
.
Hence we complete the proof.
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The pseudo-harmonic map f∞ of Theorem 5.6 is also the solution of the pseudo-harmonic heat flow with
the initial data f∞. So the distance of f(p, t) and f∞(p) is nonincreasing. Hence we have the following
theorem.
Theorem 6.5. Assume that (M,HM, Jb, θ) is a closed pseudo-Hermitian manifold and (N, h) is a compact
Riemannian manifold with nonpositive sectional curvature. Let φ : M → N be a smooth map. Then the
solution f(p, t) of the pseudo-harmonic flow
∂f
∂t
= τ(f), and f(p, 0) = φ(p)
exists, and it converges in C∞(M,N) to a pseudo-harmonic map f∞ in the same homotopy class of φ.
This asymptotic behavior at infinity was first obtained by P. Hartman in [9] in the harmonic case. Some
other properties for harmonic maps given in [9] can also be generalized to pseudo-harmonic maps.
Theorem 6.6. Assume that (M,HM, Jb, θ) is a closed pseudo-Hermitian manifold and (N, h) is a compact
Riemannian manifold with nonpositive sectional curvature. If Φ is the geodesic homotopy between two pseudo-
harmonic maps φ0 and φ1, then EH(Φs) = EH(φ0) = EH(φ1). Hence all pseudo-harmonic maps share the
same horizontal energy.
Proof. Since Φ(p, ·) is geodesic for any p, we have
d
ds
EH(Φs) =
∫
M
〈∇∂sdHΦ, dHΦ〉 =
∫
M
〈∇HdΦ(∂s), dHΦ〉,
and
d2
ds2
EH(Φs) =
∫
M
〈∇HdΦ(∂s),∇HdΦ(∂s)〉 +
∫
M
〈∇∂s∇HdΦ(∂s), dHΦ〉
=
∫
M
∣∣∇HdΦ(∂s)∣∣2 +
∫
M
〈∇H∇∂sdΦ(∂s), dHΦ〉
+
∫
M
〈RN (dΦ(∂s), dHΦ)dΦ(∂s), dHΦ〉
≥0.
Thus
d
ds
EH(Φs) is increasing. But because φ0, φ1 are pseudo-harmonic,
d
ds
∣∣∣∣
s=0
EH(Φs) =
d
ds
∣∣∣∣
s=1
EH(Φs) = 0
which implies
d
ds
EH(Φs) ≡ 0.
Hence EH(Φs) = EH(φ0) = EH(φ1).
Theorem 6.7. Assume that (M,HM, Jb, θ) is a closed pseudo-Hermitian manifold and (N, h) is a compact
Riemannian manifold with nonpositive sectional curvature. If φ0, φ1 : M → N are homotopic pseudo-
harmonic maps, then their geodesic homotopy Φ : M × [0, 1] → N is pseudo-harmonic, i.e. Φ(p; s) is
pseudo-harmonic for any s ∈ [0, 1]. In particular, the set of pseudo-harmonic maps in the same homotopy
class is connected.
Proof. The proof is by contradiction. Suppose that Φs is not pseudo-harmonic. Then there exists the
pseudo-harmonic heat flow f(p, t) with the initial data Φs and it will go to some pseudo-harmonic map f∞.
By the horizontal energy estimate (Lemma 5.1),
d
dt
∣∣∣∣
t=0
EH(ft) = −
∫
M
∣∣τ(Φs)∣∣2 < 0.
we have EH(f∞) < EH(Φs). This leads a contradiction with Theorem 6.6 which implies that EH(f∞) =
EH(φ0) = EH(Φs).
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When the target manifold (N, h) has negative sectional curvature, we could obtain more than the hori-
zontal energy rigidity about pseudo-harmonic maps.
Theorem 6.8. Assume that (M,HM, Jb, θ) is a connected closed pseudo-Hermitian manifold and (N, h) is
a compact Riemannian manifold with negative sectional curvature. Let φ : M → N be a pseudo-harmonic
map. If its image is neither a single point nor a closed geodesic, then φ is the unique pseudo-harmonic map
in its homotopy class.
Proof. By contradiction, we assume that φ˜ is another pseudo-harmonic map homotopic to φ and φ is non-
trivial. By Theorem 6.7, their geodesic homotopy Φ(p; s) : M × [0, 1] → N is pseudo-harmonic. Then a
similar calculation as (6.14) shows that
1
2
∆H |∂sΦ|2 =
∣∣∇H∂sΦ∣∣2 − traceGθ 〈RN (dHΦ, ∂sΦ)∂sΦ, dHΦ〉 ≥ 0
which yields that |∂sΦ| is nonzero constant by Bony’s maximum principle (cf. [2, 11, 12]). Thus |∇H∂sΦ| = 0
and
dΦ(ηα) = aα(p)∂sΦ
where {ηα} is a local unitary frame of T1,0M and aα’s are some smooth functions on some open set of M .
Hence the commutation relation (5.7) implies that
dΦ(T ) =
√−1
2m
(
aα¯α − aαα¯
)
∂sΦ.
Since s 7→ Φ(p; s) is a geodesic, then ∇T ∂sΦ = ∇∂sdΦ(T ) = 0. For any X,Y ∈ TM , we find
2d〈dΦ, ∂sΦ〉(X,Y ) =X〈dΦ(Y ), ∂sΦ〉 − Y 〈dΦ(X), ∂sΦ〉 − 〈dΦ([X,Y ]), ∂sΦ〉
=
〈∇X(dΦ(Y ))−∇Y (dΦ(X))− dΦ([X,Y ]), ∂sΦ〉
=0
due to the fact that the Levi-Civita connection of (N, h) is torsion-free. For any q ∈M , by Poincare´ Lemma,
there exists a neighborhood Uq of q and a smooth function ψ defined on Uq such that
〈dΦ, ∂sΦ〉 = −dψ and ψ(q) = 1
2
.
Hence the new function Φ(p, s + ψ(p)) is closed which implies that it is independent of p ∈ Uq. Let γp be
the geodesic satisfying γp(s) = Φ(p, s). For any p ∈ Uq and sufficiently small s, we find
γp(s+ ψ(p)) = Φ(p, s+ ψ(p)) = Φ(q, s+ ψ(q)) = γq(s+ ψ(q)) (6.15)
By the uniqueness of the geodesic, all geodesic γp for p ∈ Uq are just γq and
φ(p) = γp(0) = γq(ψ(q)− ψ(p)).
Moreover, by a direct calculation, ∆Hψ = 0 which implies that ψ ≡ 12 or ψ has no maximal or minimal point
in Uq. In the former case, φ(Uq) is a single point. In the latter case, by shrinking Uq, also denoted by Uq,
φ(Uq) will contain γq
(
(12 − ǫ, 12 + ǫ)
)
for some ǫ which implies that φ(Uq) is an open set in γq.
By the connectedness and compactness of M , φ(M) lies in a geodesic γ and is closed. Moreover, there
exist two open sets U and V of M such that U ∩ V 6= ∅, φ(U) is an open set of γ and φ(V ) is a finite set.
Since φ is non-trivial, then U 6= ∅. Hence φ(V ) ⊂ φ(U) which implies that φ(M) is an open set of γ. This
leads that φ(M) is exactly γ. Since M is compact, so is γ. Thus γ is closed which leads a contradiction with
the assumption of the image of φ.
Corollary 6.9. Assume that (M,HM, Jb, θ) is a closed pseudo-Hermitian manifold and (N, h) is a compact
Riemannian manifold with negative sectional curvature. Let φ : M → N be a pseudo-harmonic map. If
rank(dφ) ≥ 2 at some point, then φ is the unique pseudo-harmonic map in its homotopy class.
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